In this study, the non-local Euler-Bernoulli beam theory was employed in the nonlinear free and forced vibration analysis of a nanobeam resting on an elastic foundation of the Pasternak type. The analysis considered the effects of the small-scale of the nanobeam on the frequency. By utilizing Hamilton's principle, the nonlinear equations of motion, including stretching of the neutral axis, are derived. Forcing and damping effects are considered in the analysis. The linear part of the problem is solved by using the first equation of the perturbation series to obtain the natural frequencies. The multiple scale method, a perturbation technique, is applied in order to obtain the approximate closed solution of the nonlinear governing equation. The effects of the various non-local parameters, Winkler and Pasternak parameters, as well as effects of the simple-simple and clamped-clamped boundary conditions on the vibrations, are determined and presented numerically and graphically. The non-local parameter alters the frequency of the nanobeam. Frequency-response curves are drawn.
Introduction
Nanotechnology is the manipulation of matter on a supramolecular, molecular, and atomic scale. Many new devices and materials used in consumer products, electronics, biomaterials, medicine, energy production, etc., may be created with the help of nanotechnology. The exclusive properties of nanoscale materials are due to their very small size. The size effect of nano structures has an important role in their static and dynamic analysis. The classical continuum mechanics is not able to take into account the size effect in modeling of the material behavior at the nanoscale. Therefore, various size-dependent continuum theories, which are the non-local elasticity theory, strain gradient theory, the modified couple stress theory, the micropolar theory, and the surface elasticity theory, have been developed to include the small-scale effect. Among these theories, Eringen's non-local elasticity theory [1, 2] is a major subject among scientists. Peddison, et al. [3] were the first pioneers applying the non-local elasticity theory to nanostructures.
Vibration analysis of nanostructures is necessary for the ideal design of nanoelectromechanical systems (NEMS) and new nanodevices. The Winkler model is studied as a one-parameter model, namely Winkler-type elastic foundation, consists of a series of closely-spaced elastic springs, where as the Pasternak model studied as a two-parameter model, namely Pasternak-type elastic foundation, consists of a Winkler-type elastic spring and transverse shear deformation. In contrast, the nonlinear elastic foundation model studied as a three-parameter model, in which the layer is indicated by linear elastic springs, shear deformation, and cubic nonlinearity elastic springs. The work of Niknam and consideration of the von Kármán geometric nonlinearity and the nonlinear van der Waals forces [26] , forced vibration of an elastically-connected DWCNT carrying a moving nanoparticle [27] , nonlinear vibration of embedded multiwalled carbon nanotubes (MWCNT) in thermal environments [28] , vibration analysis of embedded MWCNT at an elevated temperature with considering the small-scale effect on the large amplitude [29] , free transverse vibration of SWCNT embedded in elastic matrix under various boundary conditions [30] , thermal vibration of SWCNT embedded in an elastic medium [31] , thermal-mechanical vibration and buckling instability of a SWCNT conveying fluid and resting on an elastic medium [32] , electro-thermo-mechanical vibration analysis of non-uniform and non-homogeneous boron nitride nanorod embedded in elastic medium [33] , buckling behavior of SWCNT on a Winkler foundation under various boundary conditions [34] , critical buckling temperature of SWCNT embedded in a one parameter elastic medium [35] , and buckling analysis of SWCNT including the effect of temperature change and surrounding elastic medium [36] were studied with the aid of nonlocal elasticity theory. The surrounding elastic medium related with the above studies was described as the Winkler model with spring constant k.
Another class of size-dependent continuum theories that deal with the electro-thermal transverse vibration behavior of double-walled boron nitride nanotubes which are surrounded by an elastic medium was presented with the aid of non-local piezoelasticity cylindirical shell theory [37] . Free vibrations of SWCNT embedded in non-homogenous elastic matrix were studied with the aid of the non-local continuum shell theory [38] . The nonlinear free vibration of embedded MWCNT was investigated by using the multiple elastic beam models and continuum mechanics [39] . Nonlinear thermal stability and vibration of pre/post buckled temperature and microstructure-dependent FG beams resting on an elastic medium was investigated on the base of the modified couple stress theory [40] . The method of multiple scales (a perturbation method) is an efficient technique to solve the nonlinear differential equations. Free vibration analysis of beams resting on elastic foundation [41, 42] and nonlinear free vibration behavior of simply supported DWCNT with considering the geometric nonlinearity were presented by using multiple scale method [43] . Nonlinear vibration of tensioned nanobeam and nanobeam with different boundary condition was studied by using non-local elasticity theory [44, 45] .
Lots of the work presented in the literature includes the vibration behavior of a nanobeam embedded in an elastic medium, whereas investigations on the two-parameter medium are rather limited. We examine the literature presented in the above, and it can be seen clearly that an elastic medium surrounded by a Pasternak-type model is limited in literature. Most of the above work is mainly related with the amplitude-frequency response of the nanotube. However, damping and forcing effect included studies on the nonlinear vibration properties of nanosystems are also rather limited. In the present study, the non-linear free vibration of the nanobeam resting on a two-parameter medium is studied by the non-local continuum theory. The small scale and damping effects are taken into account and nonlinear vibration behaviors of the nanobeam are illustrated.
Governing Equations

Non-Local Effects
In the classical (local) continuum theory, the stress at a point X depends only on the strain at the same point, while the non-local elasticity theory proposed by Eringen [1, 2] , regards the stress at a point as a function of strains at all points in the continuum. Therefore, the nonlocal stress tensor σ at point X can be written as:
T pXq " C pXq : ε pXq
where TpXq is the classical macroscopic stress tensor at point X, K`ˇˇX 1´Xˇ, τ˘is the non-local modulus,ˇˇX 1´Xˇi s the Euclidian distance and τ is a material constant, CpXq is the fourth order elasticity tensor, and σpXq and εpXq are the second order tensors representing stress and strain fields, respectively. A simplified equation of differential form is used as a non-local constitutive relation, the reason being is that solving of the integral constitutive Equation (2) is complicated.
where ∇ 2 is the Laplacian operator. Here, the non-dimensional non-local nanoscale parameter τ is defined as e 0 a{l, in which e 0 is constant appropriate to each material and a is internal characteristic length and l is external characteristic length. The constitutive equation of nonlocal elasticity for a beam takes the following form:
where E is the elasticity modulus.
Nonlocal Euler-Bernoulli Beam
This study is carried out on the basis of the non-local Euler-Bernoulli beam model. Two types of boundary conditions, which are simple-simple and clamped-clamped, are considered in this work and shown in Figure 1 . The nanobeam is resting on a two parameter elastic foundation with the spring constants k L and k p of the Winkler elastic medium and Pasternak elastic medium, respectively. fields, respectively. A simplified equation of differential form is used as a non-local constitutive relation, the reason being is that solving of the integral constitutive Equation (2) is complicated.
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This study is carried out on the basis of the non-local Euler-Bernoulli beam model. Two types of boundary conditions, which are simple-simple and clamped-clamped, are considered in this work and shown in Figure 1 . The nanobeam is resting on a two parameter elastic foundation with the spring constants kL and kp of the Winkler elastic medium and Pasternak elastic medium, respectively. The equation of motion is obtained by using Hamilton's principle. For the Euler-Bernoulli beam model, the displacement field is given as: 
where are the axial and transverse displacements, respectively. The axial force and resultant bending moment for the beam model are:
where A is the area of the cross-section for the nanobeam. Taking into account the large amplitude nonlinear vibration, the von Kármán nonlinear strain (i.e., ) should be considered and straindisplacement relationship is given by:
where 0 is the nonlinear extensional strain and is the bending strain. Then the von Kármán nonlinear strain (i.e., ) can be expressed as:
The force-strain and the moment-strain relations of the nonlocal beam theory can be obtained from Equations (4)- (8): 
where u and w are the axial and transverse displacements, respectively. The axial force and resultant bending moment for the beam model are:
where A is the area of the cross-section for the nanobeam. Taking into account the large amplitude nonlinear vibration, the von Kármán nonlinear strain (i.e., ε non ) should be considered and straindisplacement relationship is given by:
where ε 0 is the nonlinear extensional strain and κ is the bending strain. Then the von Kármán nonlinear strain (i.e., ε non ) can be expressed as:
The force-strain and the moment-strain relations of the nonlocal beam theory can be obtained from Equations (4)- (8):
where I is the moment of inertia. The kinetic energy T can be written as:
where ρA is the mass per unit length. The strain energy U can be written as:
In addition, the virtual work by the external load from the elastic medium of the Pasternak type is given by:
where
 is the load exerted by the Pasternak-type elastic medium. The stiffness and the shear modulus parameters of the deformable medium are represented by k L and k p . Hamilton's principle can be represented analytically by the following formula:
Inserting Equations (11)-(13) into Equation (14) and integrating by parts, and collecting the coefficients of δu and δw, the following equation of motion are obtained:
Substituting Equation (16) into Equation (10), one obtains the expressions of the non-local force N and non-local moment M as follows:
The longitudinal inertia B 2 u Bt 2 can be neglected based on the discussion about the nonlinear vibration of continuous systems [46, 47] , then the axial normal force N can be represented as:
The nonlinear vibration equation of motion for the nanobeam resting on the Pasternak-type elastic foundation can be obtained by substituting Equations (17)- (19) into Equations (15) and (16) EA 2L
The following non-dimensional quantities aims to study problem under general form are considered:
In the non-dimensional form considering the Equations (20) and (21) can be expressed as:
The non-dimensional form of boundary conditions can be expressed as;
Simple´Simple Case Clamped´Clamped Case wp0q " 0, wp1q " 0 wp0q " 0, wp1q " 0,
The multiple scale method will be able to employ to the partial differential equations and boundary conditions to obtain the approximate solution for the problem [46, 47] . Then, the introduction of the forcing and damping term in Equation (22) can also be seen as the nonlinear exact solution:
In order to include stretching and damping effects at order ε, deflection w is transformed w " ? ε y to obtain a weak nonlinear system. The following transformation is performed for the damping and forcing terms based on the multiple scale method:
Substituting Equations (25) and (26) into Equation (24) and performing some necessary simplifications, the simplified equations takes the following form:
The non-dimensional form of boundary conditions can be expressed as:
A straight forward asymptotic expansion can be introduced, which is why there is no quadratic non-linearity:
where ε is a small parameter to denote the deflections. Hence, a weakly non-linear system can be investigated by this procedure. New independent variables are introduced and the fast and slow time scales are written as:
Denoting D 0 " B{BT 0 , D 1 " B{BT 1 , the ordinary time derivatives can be transformed into partial derivatives as:
Inserting Equations (29) and (31) into Equation (27), we can get the following relation for the equation of motion and boundary conditions at different orders:
Orderpεq:
Fundamental frequencies are obtained by solving the first order of expansions, whereas the solvability condition is obtained by solving the second order of expansion. The first order of perturbation is linear, as given in Equation (12); the solution may be represented by:
where cc represents the complex conjugate of the preceding terms. Substituting Equation (34) into Equation (32), one obtains:
The following shape function for any beam segment can be considered for the solution of the equations:
Ypxq " c 1 e
The boundary conditions are applied and the frequency equations can be obtained. Using the functions in Equation (36) will give the dispersion relation shown below:
and substituting Equation (38) into Equation (33), we eliminate the terms producing secularities. Here W px, T 0 , T 1 q stands for the solution related with non-secular terms. One obtains:
where cc represents the complex conjugate of preceding terms and NST represents the non-secular terms. Excitation frequency is assumed to close to one of the natural frequencies of the system; that is:
where σ is a detuning parameter of order 1, the solvability condition for Equations (39) and (40) is obtained as follows:
Taking into account the real amplitude a and phase θ, the complex amplitude A in Equation (41) can be written as the following form:
Then amplitude and phase modulation equations are:
where θ " σ T 1´ψ . In the steady-state case, Equation (43) will be solved in the following section and variation of nonlinear amplitude will be discussed.
Numerical Results
Numerical examples for the simple-simple and clamped-clamped end condition beam frequencies are presented in this section. The linear fundamental frequencies for both types of boundary conditions will be evaluated, and the nonlinear frequencies for free, undamped vibrations will also be evaluated. In the case of the µ = f = σ = 0, one obtains:
from Equation (44) . The steady-state real amplitude is represented by a 0 . The frequency of non-linear is:
where λ " 3 16`b 2`γ2 bcω`1`γ 2 b˘i s the nonlinear correction terms.
At the steady state, a 1 " 0, ψ 1 " 0 become zero. The detuning parameter of frequency is as follows:
The linear frequencies and nonlinear correction terms with different small scale effect (nonlocal parameter) γ, the Winkler parameter (K L ) and the Pasternak parameter (K p ) are given in Tables 1  and 2 for the first five frequencies for simple-simple (S-S) and clamped-clamped (C-C) supported case, respectively. The similar conclusions are derived from these tables for the effect of non-local parameter and the stiffness coefficients of the Winkler and Pasternak foundation on the natural frequencies. It can be seen in Tables 1 and 2 that non-dimensional natural non-local frequency of the nanobeam is smaller than the classical (local) natural frequency. Note that the non-local parameter γ = 0 corresponds to the classical nanobeams without the non-local effect. This is attributed to the effect of small scale effect. It is evident that an increase in the nonlocal parameter leads to the decrease in the natural frequency although correction term increases with nonlocal parameter. This situation can be interpreted that the non-local effect reduces the stiffness of the material and, hence, the comparative lower natural frequencies. The effect of the coefficients of the two parameter foundation on the frequency value of nanobeam is also seen in Tables 1 and 2 Studies related to the nonlocal beams resting on the Pasternak type elastic foundation in the existing literature are rather limited for the analysis of fundamental and nonlinear frequency. However, the study of Yokoyama [48] includes the first few values of the classical EB beam resting on a Pasternak-type foundation. Also, the study of Mustapha and Zhong [9] includes the non-uniform SWCNT depended on a non-local Rayleigh beam resting on Pasternak-type foundation. A comparison study is performed to check the reliability of the present method. For this purposes, linear frequency of a local EB beam embedded Pasternak foundation for the S-S case are compared with those of the work of Mustapha and Zhong [9] and the work of Yokoyama [48] . It can be seen from the Table 3 that they only studied the first second values of the non-dimensional natural frequencies of a local EB beam embedded on a Pasternak foundation, which takes the value of 25 and 36. However, in this paper extensive natural frequency analyses were performed for the first five frequencies. It is obvious from Table 3 that there is good harmony between the three results. The effect of the non-local parameter on the natural frequency is examined and scrutinized in Figure 2 that plots the variation of the natural frequency (ω) with the non-local parameter (γ) for the S-S and CC nanobeam, respectively. It can be deduced from Figure 2 that the natural frequency decreases when the non-local parameter increases. Regardless of the type of boundary condition, it is observed that the non-local parameter has an influence on the natural frequency. Variation of the nonlinear frequency with amplitude is shown for the first five modes of vibration in Figure 3 , the frequencies are calculated taking into account the non-local parameter (γ = 0.3). It can be seen from Figure 3 that the nonlinear frequencies increase with an increase in the mode number. In Figures 4-6 , the nonlinear frequency versus amplitude curves of nanobeam are shown for the first mode and S-S and C-C boundary condition. One can observe a hardening behavior. The frequency response bending to the left side is called the softening nonlinearity, but to the right side is called the hardening nonlinearity. So, the behaviors in Figures 4-6 are of hardening type, i.e., the nonlinear frequency increases as the vibration amplitude increases. Figure 4 shows the effect of the Winkler parameter KL on the nonlinear frequency versus amplitude curves with γ = 0.3 and Kp = 5. It can be seen in Figure 4 that the nonlinear frequency of nanobeam increases with the increment of the KL values. The Winkler parameter KL has a significant effect on the nonlinear frequency value. In Figures 5 and 6 , γ = 0.3 is fixed and Kp is increased. The nonlinear frequencies increase in both figures. From Figures 5 and 6 , it is noted that the Pasternak parameter Kp has a pronounced effect on the nonlinear frequency amplitude curves of nanobeam. It can be readily observed that the value of nonlinear natural frequency have a direct relation with the Winkler and Pasternak parameter value. The C-C nanobeam has the highest natural frequency and nonlinear frequencies since the end condition is the strongest for the C-C nanobeam. Variation of the nonlinear frequency with amplitude is shown for the first five modes of vibration in Figure 3 , the frequencies are calculated taking into account the non-local parameter (γ = 0.3). It can be seen from Figure 3 that the nonlinear frequencies increase with an increase in the mode number. Variation of the nonlinear frequency with amplitude is shown for the first five modes of vibration in Figure 3 , the frequencies are calculated taking into account the non-local parameter (γ = 0.3). It can be seen from Figure 3 that the nonlinear frequencies increase with an increase in the mode number. In Figures 4-6 , the nonlinear frequency versus amplitude curves of nanobeam are shown for the first mode and S-S and C-C boundary condition. One can observe a hardening behavior. The frequency response bending to the left side is called the softening nonlinearity, but to the right side is called the hardening nonlinearity. So, the behaviors in Figures 4-6 are of hardening type, i.e., the nonlinear frequency increases as the vibration amplitude increases. Figure 4 shows the effect of the Winkler parameter KL on the nonlinear frequency versus amplitude curves with γ = 0.3 and Kp = 5. It can be seen in Figure 4 that the nonlinear frequency of nanobeam increases with the increment of the KL values. The Winkler parameter KL has a significant effect on the nonlinear frequency value. In Figures 5 and 6 , γ = 0.3 is fixed and Kp is increased. The nonlinear frequencies increase in both figures. From Figures 5 and 6 , it is noted that the Pasternak parameter Kp has a pronounced effect on the nonlinear frequency amplitude curves of nanobeam. It can be readily observed that the value of nonlinear natural frequency have a direct relation with the Winkler and Pasternak parameter value. The C-C nanobeam has the highest natural frequency and nonlinear frequencies since the end condition is the strongest for the C-C nanobeam. In Figures 4-6 the nonlinear frequency versus amplitude curves of nanobeam are shown for the first mode and S-S and C-C boundary condition. One can observe a hardening behavior. The frequency response bending to the left side is called the softening nonlinearity, but to the right side is called the hardening nonlinearity. So, the behaviors in Figures 4-6 are of hardening type, i.e., the nonlinear frequency increases as the vibration amplitude increases. Figure 4 shows the effect of the Winkler parameter K L on the nonlinear frequency versus amplitude curves with γ = 0.3 and K p = 5. It can be seen in Figure 4 Frequency response curves are presented in Figures 7-10 . The detuning parameter σ shows the Frequency response curves are presented in Figures 7-10 . The detuning parameter σ shows the Frequency response curves are presented in Figures 7-10 . The detuning parameter σ shows the nearness of the external excitation frequency to the natural frequency of system. Several figures are drawn using Equation (46) assuming f = 1 and damping coefficient µ = 0.1. Increasing the forcing term increase amplitudes when σ < 0 and decreases the amplitudes when σ > 0 at different values. The maximum amplitudes happen when σ > 0. In Figure 7 , the influence of the mode number on the hardening nonlinear properties is shown both types of boundary condition. Five different mode numbers are considered and compared. It can be seen that for the first mode or fundamental mode, the resonant amplitude is larger and the corresponding width is broader. Figure 8 presents the frequency response curves of S-S and C-C case for the first mode in order to discuss the influence of the Winkler parameter K L . It can be observed that, for S-S and C-C end condition, the amplitude decreases with the Winkler parameter increasing. Figures 9 and 10 present the frequency response curves of S-S and C-C case for the first mode in order to discuss the influence of the Pasternak parameter K p . It can be seen that for the fundamental mode, the amplitude decreases with the Pasternak parameter increasing.
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Conclusions
In the present study, the free and force vibration of a nanobeam resting on an elastic foundation of the Pasternak type is investigated based on the non-local Euler Bernoulli beam theory. The nonlinear equations of motion, including stretching of the neutral axis, are derived. The governing equations and boundary conditions are derived by using Hamilton's principle. The multiple scale method is used to solve the governing differential equation of the nanobeam. The effect of different parameters, such as Winkler modulus, Pasternak shear modulus, and the non-local factor on frequencies is investigated for the nanobeam with simple-simple and clamped-clamped boundary conditions. The extensive numerical data is given in tabular form for various values of the parameters so that these results can be used as a reference for future studies. Results revealed that increasing the non-local parameters lead to decreasing the linear and nonlinear frequencies and to increasing the correction terms. Furthermore, increasing the Winkler and Pasternak parameters increase the values of both linear and nonlinear frequencies. Observed non-linearity is of the hardening type because of the stretching of the neutral axis.
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The following abbreviations are used in this manuscript:
CNT
Carbon Nanotube SWCNT Single walled carbon nanotube DWCNT Double walled carbon nanotube MWCNT Multi walled carbon nanotube
